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Abstract 

Twist deformation Uj^ (g) is equivalent to the quantum group 
Fuudef and has two preferred bases: the one originating from U (g) 

and that of the coordinate functions of the dual Lie group The 
costructure of the Hopf algebra Ut (g) ~ FuUdef is analyzed in 0*- 

group terms. The weight diagram of the adjoint representation of the 
algebra is constructed in terms of the root system A (g). The explicit 
form of the g — > g* transformation can be obtained for any simple Lie 
algebra g and the factorizable chain T of extended Jordanian twists. The 
dual group approach is used to find new solutions of the twist equations. 
The parametrized family of extended Jordanian deformations Uej (s((3)) 
is constructed and studied in terms of SC (3)*. New realizations of the 
parabolic twist are found. 

1 Introduction 

Twist deformations are usually described in terms of the initial Poincare - 
Birkhoff-Witt basis borrowed from U (g). This is reasonable when the alge- 
braic sector is of main interest. Using the g-basis we explicitly manifest that 
the algebraic relations in C/jf (g) remain classical. The Lie-Poisson structure 
is encoded in the twisting element !F. The result of the twist deformation 
J- : U [q) — > Ujr (g) is the Hopf algebra Ujr (g) with the initial multiplication, 
unit and counit and the deformed universal element TZjr = T2\T^^ , costructure 
Ajr and antipode Sjr p. 

Consider the Hopf algebra Ujr (g) as a quantized Lie bialgebra (g,g*) , i.e. 
as the deformation of f/(0) in the direction of g'^. According to the quantum 
duality principle [3,0] the smooth deformation J7;f (g) is the quantum group 
Fuudcf (25*) of the dual Lie group 25^^. The group (S* is the universal covering 
group with the Lie algebra g"*^. For the twisted universal enveloping algebra 
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/7jr (0) the Lie coalgebra (fl"^)* is defined by the classical r-matrix 

r^r^'^eiAck, l,k^l,...,m (1) 

and has the composition 

5:0 — 5 ^ ad(^) o A(°) 

Here A^^^ is the primitive coproduct A*^"' (5) = 5 (g) 1 + 1 for 5 G g and 
{ei\l,= 1,...,to} forms the basis of the carrier subalgebra of the twist f . 
All this means that the costructure of C/jr (g) describes the composition law of 
Fundcf (25'^) > the deformed multiplication of Fun (®'^)- The deformation is due 
to the fact that the coordinate functions in Fuudof {^'^) do not commute - they 
are subject to the composition rules in U (g). 

The structure of the dual Lie algebra can be described in terms of the 
generators of g as the "second" Lie structure on the space of g. When the 
group ©'^ is twisted by this obviously leads not only to the deformation of 
the (initially cocommutative) costructure but also to the deformation of the 
space of coordinate functions. This can be explicitly seen in the Jordanian twist 
deformation Tj = e^®'^; Tj : U (b(2)) — > Uj (b(2)) of U (b(2)) . The algebra 
b(2), with the generators {H,E} and the relation [H,E] = E, is the carrier of 
the twist Tj. Thus the dual algebra b(2)'^ is equivalent to b(2). The classical 
r-matrix H f\E describes the isomorphism 

r H* ^E \ 
• \ E* ^-H J ' 

But the universal element for the Jordanian deformation TZ — T2\T^^ = 
^a®H^~ii®a (^^-^^^^ cr = In (1 + E)) shows that in the global dualization of the 
algebras U (b(2)) and U (b(2)'^) the generator E is only the first term in the 
expansion of H* and in fact a is the element dual to H . This is also clearly 
seen in the costructure of IJ j (b(2)) = Fuudcf (^(2)*) 

Aj(i7) = H^e-" + \®H, (2) 
A J (cr) = a ®\^\®a. 

These are the multiplication rules of the group 05(2)* (the semidirect product 
of the "rotation" (e""')* and "translation" H* ) with the Cartan coordinate a 
that together with H forms the g'^-basis here. 

As we have seen in the example above the (dual) g^^^-coordinates are easily 
obtained in the case when the carrier subalgebra of the twist g^ coincides with 

fl- 

In most of the interesting cases the carrier is a proper subalgebra of g, 
gc C g, and we have the nontrivial decomposition of the space Vg = Vg^ © Va. In 
particular this is true when g is a semisimple Lie algebra 0- On the subspace 
Vg^ and in the Hopf algebra Ujr (g,,) the g'^-coordinates can be obtained by 
using the twisting element ^ as a map g — > g^^. The twist deformation on the 
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space Va is usually described by the set of coproducts for the basic elements of 
g and are expressed in terms of a mixed basis containing elements from both g- 
and g^-bases. In this representation it is very difficult to study the properties 
of the costructure. 

The deformed costructure is essential not only by itself. It is necessary to 
know its properties to find further deformations of Uj^ (g) and to construct new 
twists by enlarging the element J-' with the additional factors, that is to find 
factorized solutions of the twist equations ^ . In particular the subspaces in Va 
with quasiprimitive costructure are of great importance ^Hl) 

In this paper we shall consider universal enveloping algebras Ujr (g) for 
semisimple Lie algebra g twisted by chains of extended twists - the factorized 
2-cocycle T ~ TpTp-i . . .T\ where each Tq is the solution of the twist equa- 
tions for Ujr^_^ jr^ (g). These solutions (called the twisting factors [S]) are of 
two types: Jordanian f3j and extension In chains of twists the Reshetikhin 
twisting factor is used only to "rotate" the Jordanian twist and can be always 
combined with the corresponding Jordanian factor. We study the group 
and define the weight diagram for the adjoint representation of its Lie algebra 
g'^. In Section 4 we develop the algorithm for constructing the g*-coordinates 
in the Hopf algebra Uj:{g). In Section 5 the dual group approach is applied 
to study the properties of the Hopf algebra Uj: (si (3)). It is demonstrated that 
the dual representation of the costructure can be used to find new twist defor- 
mations. 



2 Dual Lie algebra 

Consider the simple Lie algebra g and the Cartan-Weil basis {ci | ? = 1, . . . , n} 
correlated with the decomposition Vg = V(,©K+©K_ = Vi,®(i'eA+) © Vl^), 

Vn+ ® K_ = ®(^eA+) (K © V-v) = 

= ®(i.€A+|i.(ft^) = l/2) (K ® V-v) ®(5GA+|e(h^)=0) ® = 

= Fi®yi/2®v"o®vii/2®v'_i. 

The carrier subalgebra gc of the chain T is the proper subalgebra of g, gc C g. 
The generators {e; | ^ = 1, . . . ,m} of gc contain the root vectors {e^\<i> € Ac 
C A(g)} for the fixed subset of roots Ac Consider the subspace Vg C 

generated by ^hj-^^y, e^\iy G A\ Ac| where the Cartan elements are 

orthogonal to any initial root Aq |iO] in Then we have the direct sum 
decomposition Vg = Vg^ ® Va. Construct the basis {e*} canonically dual to {ei}, 
i.e. {e*,ej) — Sij. Let F be the weight diagram of the adjoint representation 
adg. Our aim is to define the weight diagram for the adjoint representation 
of adg#. The structure of is described in the following statement: 

Lemma 1 Let g be the simple Lie algebra with the root system A C rad(g) and 
the Cartan decomposition Vg ~ Vf, ®(^eA+) (Vy ® V_i/) , J- = TpTp-\ . . .T\ - 
the solution of the twist equations where each Tq is a Jordanian or an extension 
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twisting factor, rjr — dim{s^) ''^^''^i G flAg - the corresponding skew 

solution of the CYBE, (0,0"^) - the Lie bialgebra. Then the weight diagram F"^ 
of the dual Lie algebra q'^ is the union T"^ := Fad (fl^*^) = U Ff" of the weight 
diagram Tf := Fad {sf) of the carrier subalgebra (J-) and the set of weights 
:= F (sit) ■ The system Tf is the set of weights {— 7i} opposite to the weights 
{7i|Z = 1, . . . , dim (gc)} of the carrier Qc- For each component r^^p ^ in r the 
generator (e<p)* takes the weight —-tp and (e^)* - the weight —tp. The diagram 
rf is the subset of the initial weight diagram: Tf = Fad (fl) \Fad (0c)- The 
weight vectors {e*\ri £ F^} generate the Abelian ideal gf and the dual algebra 
is the semidirect sum Q'^ sf ^ gf ■ 

Proof. Consider 6 {g) for an arbitrary g € g 

6{g) = [r'^^ek A ei,g (8)1 + 1® g] = 

= r''^[ekg]Aei+r''^ekA[eig]. (3) 

Any nontrivial coproduct S (g) has a comultiplier belonging to Qc- If G 0c then 
6 (g) belongs to 0c 8) 0c because 0c is an algebra. This proves that 0^" is the 
Abelian ideal. 

The classical r-matrix performs the deformation of the Lie bialgebra r : 
(0, Ab) — > (0,0*) Each term in r gives rise to a deforming function for 

the original Abelian composition of the dual algebra. Let r be the classical 
r-matrix corresponding to the chain of extended twists J-. To find the structure 
of the algebra 0^ it is sufficient to consider the deforming functions originating 
from two basic twisting factors: Jordanian and extension. 

• The Jordanian BTF has the canonical form Tj = e^®'^'^ , = In (1 + e^) 
[3]. It can be deformed by the previous twisting factors m],^^ and reveal 
a more complicated structure. Still in all the cases one can write it in 
the form e''®'^^' with (t^ = In (1 + + / (bq, ^,)) (f, are the deformation 
parameters of the previous twisting factors). The corresponding r-matrix 
is 

rj ^ HA e^, 

with the Cartan element h ~ '-fh± C Vj, , ^ {h±) = and [h, e^] = 
fi (h) Cp,; fj, (h) = ^{h^) = 1. The elements h* and h*^ are canonically 
dual: {h*,h±) = 0,{h*,h) = {h*^,hj_) = 1. On the carrier subalgebra 
9Jc = b (2) (equivalent to its dual gj^) we get 

S{h) = [rj,A°{h)]^-hAe^, 
SiCf,) = [rj,A°(e„„)eJ =0. 

This means that the relations in are defined by the deforming function 

f*{e;,h*)=h\ 

and e* is the Cartan element in 0^^. 
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Consider € Va 

5{a^) = [rj,A"(a„„)] = 

The corresponding deforming function is 

f*{h*,e;) = 

i.e. h* has the weight ( — /U ) with respect to the original root system A. 
6{a-i_,) = Aa_^ -27/iA/ij_; 



ff{h\hl) = -2ja*_ 



A" 



Notice that h* does not "shift" the clement h*j_ if h is proportional to 

Summing up we find that the adjoint action of the algebra is fixed by 
the relations 

f*{e;,h*)=h*, f*{h*,at) = C%^at, 

f*{h*,hl) = -2^a*_^, /#(e;,alj =aV 

In this case the deforming function ff is itself the Lie composition, it fixes 
the Lie algebra and Qj^ is a subalgebra, g# D g*^. The adjoint action 
of gf on V* can be decomposed into the direct sum: ad (fljc) W* = 

ad (bjc^ \v^^ ® d (qjc) (with the representation d (sjc^ describing 
the action on V*). 

• The extension BTF. Consider the r-matrix 

rE = e^Ae^, vj^-fi. 

(Remember that the element itself must not satisfy the CYBE. Only the 
full r-matrix must be the solution.) 

S{h) = [rE,A°{h)] = 

= -{iJ, + p){h)ef,Ae^, 

5(e_^) = [rE,AVe_^)] = 

= Ihp A + Cl_pep A e^, 
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The deforming function /* looks as follows: 



f# (f,* p* \ — r"^+ip* /•# (p* p*\ — ct^+ip* 



If we assign to the basic vector e* the root t then ad (e*) and ad (e*) act 
on e* as having the roots —v and — /i correspondingly. When h becomes 
proportional to h^^ (or correspondingly to /i^) the operator ad (e* ) ( ad (e^) 
) cannot shift h\ . 

Combining the properties of deforming functions corresponding to different 
twisting factors one can check that for the integral composition = ^ 
the chain F of extended twists the carrier gf is a subalgebra in g"^ its space 
is the direct sum V* = V*^ © V* and the dual algebra is a semidirect sum 
g* ~ g*V- g*. ■ 

Notice that in the general case the dual algebra must not contain gf as 
a subalgebra. 

When the adjoint action ad (0^)% is considered on h*^ it always behaves as 
"orthogonal" to h* . 



3 Second classical limit for twisted algebras 

In the twisted universal enveloping algebra considered as the deformed algebra 
of functions Ujr (g) = Fuudcf (®'^) the group 0'^ is the universal enveloping 
group realized in terms of formal power series. 

We have seen in the previous Section how the relations of the dual algebra 
g'^ are encoded in the weight diagram V"^ . This description refers to the basis 
of functionals e* canonically dual to the generators {e^} of g. Thus we can 
construct the group compositions for as the coproducts in the Hopf algebra 
Fun (25*) in terms of considered as exponential coordinates for this group. 
Unfortunately only in a few trivial cases the transformation to dual (noncom- 
muting) coordinates can be determined by the direct comparison of Fun 
with Fuudof (®'^) = Ujr (g). In the general situation the Hopf algebra Uj^ (g) in 
its initial form is inappropriate to extract the transformation g — > g"^. 

In the Hopf algebra Fuudcf ('S"^) the composition law of the group ©"^^ is 
deformed (by the noncommutativity of the coordinates). In quantum deforma- 
tion the compositions are usually described in terms of undeformed coordinates, 
i. e. the proper coordinates of undeformed Fun (25^*^) are sufficient to describe 
the multiplication of the deformed Fuudcf Thus we must find the Hopf 

algebra Fun with the commutative multiplication law. The transition 

Fuudof (®'^) — > Fmi (C'^) is called the second classical limit . It was proved 
|2] that for the standard quantization (with the parameter q — e'') the second 
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classical limit can be obtained by the trivial scaling of the Lie algebra generators 
by e and tending e, h — > provided that = const. Taking into account that 
the transition to the second classical limit is a general procedure that does not 
depend on the particular form of quantization (of a Lie bialgebra) we come to 
the conclusion that the same algorithm is to be applied in the case of twisted 
universal enveloping algebras Ujr. 

We are dealing with the factorizable twists = TpTp-i . . .T\ with Jorda- 
nian and extension twisting factors J-j. For the sequence J- one can attribute 
the fixed number of deformation parameters {^s=i,...,i | I < p}, each of them cor- 
responds to an automorphism of g. This number is equal to the number of inde- 
pendent Jordanian factors Tjs. This means that there exists the parametrized 
solution r ({^s}) of the CYBE, and as a result we get the parametrized sets 

fl#({6})and©#({6}). 

The automorphism that injects the deformation parameters together with 
the mentioned above scaling leads to the substitution 

e, ^e^. (4) 

(Here is the natural grading corresponding to the s-th link of the chain J-".) 
The classical limit algorithm prescribes that the parameters e and are to be 
turned to zero while their relations are fixed 

e " 

The result is the algebra of functions over the group (5^ ({Cs}); 

^ hm^^^^^^^ U:F({i.}) (0 (£)) = Fun (©# ({C.})) . (5) 

In particular one can check that when J-" is a canonically parametrized chain 
of extended twists in the limit jSJ the costructure constants of Ujr(^s^^^y-^ (g (e)) 
remains finite, the multiplication law becomes Abelian and the Lie algebra of 
the obtained group coincides with 0'^({Cs})- The corresponding calculations 
are performed in Appendix. 



4 Group coordinates in terms of dual algebra 
coordinates 

In the case of the factorizable twist T = TpTp-i . . .T\ the dual group is 
solvable. Thus the exponential coordinates are the most suitable to describe 
Fuudef (®'^) = C^jF (fl)- In these coordinates the Hopf algebra (Fun^ef (®'^)) 
dual to Fuudcf ('5'^) takes the form of the universal enveloping algebra U (fl^-i ) 
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= (Fundcf (25^^))*. (Here index (g) indicates that the Hopf algebra U [Qf^-^j is 
obtained in terms of (the initial) g-basis.) 

The algebra g* is fixed by the classical r-matrix. One can construct the 
universal enveloping U (g*) explicitly in the standard PBW basis and this basis 
is dual to the exponential coordinates for the group (8"^. 

To derive the transformation g — > g"^ one must identify the elements in 

two Hopf algebras U (fl"*) and U (sfg-^^- The relations in them are induced by 
the ideals / that encode the Lie multiplications. It is sufficient to compare the 
ideals / (g*) and / (sfg))- This gives the finite set of relations 

ef=0:({e;}) (6) 

that describe g*-basic elements in terms of g-basis and thus introduces the g'^- 
PBW coordinates in (Fun (23*)) . Constructing the relations dual to © we 
return to Fun (23"^) and find the desired transformation 

ef = 0»({ej}). 

Finally this transformation is to be applied to the deformed algebra Ujr (g) = 
FuUdef {<&*)■ This gives the deformed group in its exponential coordinates. 
In this presentation the comultiplication of functions on the solvable group 25"*^ 
become highly transparent demonstrating the exponential map of the adjoint 
action of the dual Lie algebra g* . 



5 Example. Twisted algebra Ujr{sl{3)) in dual 
group coordinates 

Let g = s[ (3) and consider the r-elements: rj (7) = h A 613 and — &\i A 623, 
where h = /113 + 7/1^ . Here the generators Rah are the ordinary matrix units and 
the Cartan elements are hah = 1/2 [taa — Cbb), hx_ = 1/2 (en — 2e22 + 633). The 
sum tej (7) = Tj (7) + te is the set of solutions of the CYBE. Or equivalently, 
the sum of deforming functions (7)+/^ defines the Lie multiplication [, ^ := 
(/j^ (7) + /b ) (;)• This bracket is the Lie composition of the dual algebra 
s[(3)* on the space V^*. The basic commutation relations are 

[els, ^Ixf = +1 (37 + 1) e^i, \h\h\f = -276^1, 

[6^3, ^ = -\ (37 - 1) 6^2, [6^3, ^^2]* = -\ (37 - 1) 6^2, 

[6*3; 631] =[623,6^2] = r * p* \* - CX^ ^ W p* 

-\p* p* ^* - p* Fi3,e23j - +2 '-•^7 + -Lje23, 

= (1 -7)e;i, [e|2,ey* = -H^)* . 

[^1,6^2]* = (1 + 7) e^2, 
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This algebra has the four-dimensional subalgebra (equivalent to the subalge- 
bra 0c, the carrier of the r-matrix tej (7)) with the weight system Tf = 
{0, V531, </'32, </'2i} and the four-dimensional Abelian ideal generated by the set 
{h*j_,el^,el2,e2i} with the weights T* = {0, psi, P32, P21} ■ Here {(fab} and 
{Pab} are the copies of those vectors from A (si (3)) that correspond to the gen- 
erators Cab ■ In this particular case both subsystems contain the same sets of 
vectors. The action of ad (g*) on h*^ shows that h\ behaves as "orthogonal" 
to h*. 

The following twisting element 

T (7) = Te (7) (7) = cxp (Cei2 ® e23e5(37-i)-(«)^ exp (ft ® a (0) (8) 

is the solution of the twist equations 1 corresponding to the r-matrix rEj (7). 
Herea(0=ln(l + Cei3). 

The parameter 7 describes the Reshetikhin rotation of the Jordanian factor 
while ^ is the deformation parameter. The latter corresponds to the automor- 
phism 

where t G F (si (3)) are the weights and the element /113 performs the gradation 
in r, fti3 : r — > R^. Together with the scaling this gives the parametrization 
appropriate to perform the second classical limit 

e-T — > e^, - = C- (9) 

e e 

The twisting is the transformation of the comultiplication in U (g) performed 
by the operator 

1 

-Q gad(ln.?-,) ^ giad(BCH{*(^),({e7;CJ);4) 

Here BCH denotes the Baker-Campbell-HausdorfF series and {r)q ({^i! Cs}) are 
the logarithms of the twisting factors Tj : 

*(.F)9({^»;C}) =£ln^9, *gC/®C/; g = 1, . . . ,p; i = 1, . . . , n. (10) 
For the twisting element © these are 

*(^)i({'^»;C}) = /^^^(C), 

*(^)2({e^»;C}) = CeT2®eT3e^(3'^-i)^('^). 

In the second classical limit only the zero power terms in the BCH-series re- 
main and the compositions of the dual group = (S£(3))'^ in g = sl(3)- 
coordinates, i.e. the coproducts in Fun (©^) in g-basis, can be obtained by the 
formula: 



[e,) = ^Um^ (^giad(BCH{*,^>,({e.;C4);e}) o (e- ® 1 -f 1 ® e^)\^ 



= lim 

£ >0 



|^giad(*(^)i({e.;C})+*(^),({e7;C})) „ (e^- ® 1 1 ® e.,)^ 
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In particular the scaled g-basic elements (and a {(,)) have the following coprod- 
ucts in Fun (©#) : 

Ai^"(/J(7)) = /i(7)®e-^(';) + l«)/J(7)-^gr2®^ei(''-i)^(^); 

^^{ei2) = 612® +10 612; 

A^'"(gi5) = ^0 6-^(37-1)5(0 +eS(C)^e2'5; 

A^-(a(C)) = a(C)®i + i®??(C); 

Al™(6ri) = ^Ti ® 6-^(37+1)5(0 + +^(1 /J]; ®g^e-^(?); 

A^'°(6r2) = 6i5®6**'"''"*" +i®6r2+c/i(7)®^26-^(«) + 

+Cei2 ® (^^(7) - (7+ l)/i-Lj e 

>r / X / ^(37-l)&(C) |(t-1)S«)\ 

"C^(7)ei2 ® (^6^ -6^ j- 

-C'eT2 ® eT36T2e^'^""'" - C'6T2' ® 6T3e(3'^-2)^(^); 

Alji"(eri) = (?ri(E)6-^(';) + i(g)(?ri+ 

(7) 8) (/i (7) - 7C) 6-^(?) 
-C/J (7) {h (7) - 27/^];) ® (6-^(?) - e-2^(^)) - 

+ C2/l (7) 612 (g) 623 (^6' -26' j 

^ i(37-l)S«) ^ ^ f(7-l)S(C) 

+ C6l2'8'62l6 -Ce32'8'6236 - 

-2C26T2 ® (h (7) - 7/r[) 6T36^*^""''' 

, ,-^2 ^ -^2 3(7-l)&(c) 
+ C612 <8)623 6 ; 

(11) 

The standard dualization transforms this costructure into the multiplication 

for the Hopf algebra (J/^ (s[ (3)))* = (Pun (e£ (3)*))* = C/ (^(s[(3))*) . The 

latter is thus obtained in terms of g-coordinates {e^}. The same Hopf algebra 
in terms of g'^^-coordinates {6**} is defined by the relations iQ that generate 
the necessary ideal in the tensor algebra over Vg#. The deformation parameter 
is introduced by the scaling (|5J| . Comparing the associative multiplications in 

U ^(s[(3))'^^ and U ^(sl(3))^^ we find two types of nontrivial relations. The 

relations of the first type are 

^*.M^* = H7)*;... ef*iO-hi^f* = h{^f*;... 

and 

?(C)* • (eT36-^)* = i (6T36-^)* ; ef* (C) • ef* = ^e** . 
They signify that the transition to g'^- generators includes the substitutions 

6*3(0 = ln(l + C6T3), 
e| = 6T36-^. 
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These transformations are defined in the space U {0) of the carrier subalgebra. 
They coincide with those induced by the twisting element morphism T : 2c — *■ 

Much more important are the relations on the space V„# complimentary to 
V_# . They cannot be extracted from the twisting element itself and depend on 
the subrepresentation a.dgf\v # • In our case there are only two relations of this 
type obtained from Hll|) and Q: 

= 2(^(M^)y +2CS^i; =2(^(^7)*)') ; 

This gives two nontrivial relations between (g)*- and (fl'^)*- generators 
(M7)-ei2)*(C) = (M7)*-4)*-C4*: 

and correspondingly between g- and g"*^- generators 

4(0 = - C/i(7)ei2, 
4(0 = e3i-C(M7))'. 

As we have already mentioned the basic elements {e:f } constructed above in 
terms of the undeformed group coordinates e^- are appropriate also for the 
twisted Hopf algebra. Summing up we get the g — > g"^ transformation: 



-13 



(0 = ^(0, 

;(0 = 6236-'^^^), 



^23 ' 

42(0 632 - (7)612, 

6fl(0 = 63i-C/l(7)'. 

In terms of the original g-coordinates (and the function a = In (1 + ^613)) 
the costructure in the twisted algebra C/jr(sl(3)) is defined by the following 
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relations P1.[T^: 

Ayr{h{-f)) = /i(7)®e-'^(«) + l®/i(7)-<eei2(8)e23e5(T-i)'^(?); 
A3r{h±) = h±®l + lC^h±; 

Ayr{ei2) = 612® e + 1(g) 612; 

A^(e23) = 623 <g 6-5(37-1)^(0 +e'^«) 623; 

A^(a(0) - <y{0®l + l<E>a{0; 

A^(62l) = 621 (g)6-3(37+l)'T(?) + 1 (g) 621 +^(1 - 7)/?,^ g)e236-''(^); 
A^(632) = 632 6'*'^"''"*" +10 632 (7)® ei26-'^(«) + 

+^6i2®(/i(7)-(7+l)/ii)e*'''"''""'- 

-■?/l(7)6l2 g) (6^ -6^ j- 

-eei2 ® 6236126'*''"''""' - ® e23e(3^-2)-(«); 

A^(e3i) = 631 g)e-'^(«) + 1 g)e3i + 

+2^h (7)g)(/i(7)-7/ii)e-'^(«) 

+e (/i (7) - h (7)2) (e— «) - e-2-(«)) 

+Cei,2g> 62,16^ (37-i)<t(?) 

-^63,2 g) 62,36^ (t-1)'^(«) + ^2/^ (^) 2 (g 62,36^ (t-1)'^(«) 
+ 2^^61,2 ® 62,365 (3 7-5).(0 _ ^2g^_^ ^ g^^^^f (7-l).(«) 

-2^^61,2 ® (/l (7) - 7/l±) 62,365 (^-l)-(«) 

-2^2/1 (7) 61 2 g) 62 365 (37-5)^(0 ^ ^3^2 ^ ^ ^2 ^^3 (7-l)-(«) 

(12) 

Applying to these coproducts the transformation (|12|l we get the same costruc- 
ture in 0*-coordinates: 



A^(/i# (7)) 


= h* (7) g 


) 6-'=" + 1 g) /l# (7) - C6f2 


4t 1 
g) 6^362 


(7-l)ef3; 


A^(ef3) 


= ef3g 


) 1 - 


f 1 g)ef3; 






A^(6f2) 


= ef2g 


1 


+ 1 g) 6f2; 






A^(6|) 


= 6^3 g 


) e~ 


i(37+i)e* ^i^el,; 








= ft-f (g 


1 1 - 


1- 1 g) /if; 








- efi « 


) 6^ 


^(37+l)e* +l^e# + ^(1 


-7) /if 


g) 6I3; 


A^(ef2) 


~ g 


1 


'7''^-+l®6,f2-C(7 + 


1) ef2 g) 


/.f6''^^ 


A^(e3#i) 


= efig 


) 6^ 


"ti + 1® efi + 










'12 


g 6*65 (3 7-l)ef3 _ ^e#2 g) e|65 (-)" 


l)ef3 



-2C7/i# (7) ® /if e-'^fs + 2C276f2 g) hfef^ei (T-i)<=f3; 

(13) 

This presentation reveals the ©^^-groiip law in Ujr (si (3)) described in terms of 
the exponential coordinates. The first four relations correspond to the group 
multiplication in (3f, the other four expose the adjoint action of 25* on the 
4-dimensional space V„#. In the standard orthonormal basis {e^} the weights 
of the diagram 

rf = rf urf = {o,(^3i,(^32,(/?2i} u {0,^31,^32,^21} 
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have the form: 



^ab = Pab = Ga - Gb- 



Consider, for example, the coproduct Ay^lef'i). The first two expressions are 
due to the trivial property of the unity and the adjoint action 



^^13 ' ^^31 



^31 



P31- 



The remaining four sets of terms are directly correlated with the weights shifts: 

^32 O P21 
^21 O P32 

^31 O P (/if) 

The redeveloped costructure ((T^ expose explicitly the properties that can 
be used to find new twist cocycles. First of all it is clearly seen that the 
parametrized set of dual groups (5^ (7) has tree irregular points, 

7 = 0,±1. 

At the point 7 = the coproducts for ef^ has no terms containing h*. The 

shifts 1^931 o p (^x) ' "^32 ° "^21 ° P (^±) result in zeros because in this case 

/i'^ is orthogonal to the weight of /if . 

The points 7 = +1 (7 = —1) are especially interesting. In them the coprod- 
uct Ajr[ef2) (correspondingly Ajr(^efi)) becomes quasiprimitive. Together with 
the primitivity of Ajr(/if ) this means that in these points the twist equations 
for the Hopf algebra C/jr (s[(3)) have the additional solutions: 



= exp 



= exp 



2 4i 

--hf ® In 

O 



(0 



. In 1 



for 7 = +1, 



r-.2ef 



exp (^+h^ <E> In ((1 + 632 - Cheu) e^-^^CO) ^ 



for 7 = — 1. 



Correspondingly for U {si (3)) we have two parabolic twists : 

= ^Jp+^£il)^jh) for 7 = +l, 
^V- = ^Jp-^£ il)^J il) for 7 = -l. 
This construction generalizes the elementary parabolic twist first presented in 

Both twists Tjpj^ and Tjp_ are the deformed Jordanian factors and the 
canonical form Tj = e^®'^ is reobtained when C = 0. This means that when 
the preceding extended Jordanian twist is trivialized, J'eJ'j\Q=o = 10 1, the 

Jordanian deformation J-j = e ^^^j remains possible with the ordinary 

function <J(2i\ 



In (1 + e^2iN 
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6 Conclusions 



We have demonstrated that the dual group coordinates provide the natural basis 
for the costructure of the twisted universal enveloping algebras. The q — > 
g^-transition applied to the twisted algebra Uj^ (g) simplifies the problem of 
finding solutions to the twist equations. In the forthcoming publication we 
shall demonstrate how new classes of solutions are obtained in terms of q^- 
coordinates. 

The dual group approach provides the new insight in the effect of the de- 
formed carrier spaces m],^^. In the weight system the weights Aj^ orthog- 
onal to the initial root Aq (of the full extended twist !F) cannot be reached from 
the points of vf by the shifts corresponding to weig hts in rf . The reason is 
that the system vf is located in the negative sector while T±\g has the zero 
level, A_L {h\g) = 0. For the canonical extended twists (without the Reshetikhin 
"rotation") this means that the coproducts Ajr[e\^) are primitive. This prim- 
itivity is realized only in g'^-coordinates. Thus to find the additional twisting 
factors with the carrier subalgebras in V±_ one must redefine V±_ in terms of 
g'^-basis. 

The exponential basis used in this paper can not be considered as universal. 
When the dual group is not solvable one must use other dual group bases (for 
example, the matrix coordinates are to be used for the parabolic dual group 6p 
that contains the simple subgroup in &2{n)). 
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7 Appendix 

We can check that the limit lim^^^^ >q. [/^(j^^}) (g (e)) exists and cor- 

responds to the Hopf algebra Fun (0^*^ ({Cs}))- It must be taken into account 
that the twisting factors Tq can be deformed by the previous twists JT] . Their 
form can differ from the canonical one, J-'j = exp (/i (X) cr^) for the Jordanian 
BTF and J-£ = exp (e^ ® euf (c)) for the extension. The expressions h®a^ and 
ca ® (c) are the zero order terms in the expansion of the deformed InT'j^ 
and h\!Fff [S] with respect to the deformation parameters of the preceding 
twists. 

Let the parameters be proportional to e 

We shall assume that the logarithms In Tq of the twisting factors J-q behave as 
follows 

\nTq^-^^q{{ej;Cs}), ^eU®U; s = 1, . . . ,l;q ^ 1, . . . ,p. (14) 

It can be directly checked that in the type of deformation that we consider here 
this condition always holds |14) . 
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Lemma 2 In the Hopf algebra Ujr (g) twisted by the factorizable twist T = 
J-'pJ-'p-i . . .T\ the coproducts -§-Ajr (e^) have the finite limit 

Proof. Any operator ad {^g ({e}; Cs})) with respect to e acts as a multipli- 
cation by a polynomial with strictly positive powers (in particular it multiplies 
by £ any tensor belonging to Vg ^ U (g) or U (q) ^ Vg ). In the limit the 
twisted coproducts of the generators Ajr (cj) are defined by the action of the 
BCH {\E'g {{cj-Xs}) ; £} series that has only positive powers of e. Finally for any 
ei G we get 

lime,4,_0; iJe=Q (^A^ (e^)) = 

= lim,,5^_0; Ue=a UU e^'^'"^'^ ° 1^^'°^ (e^-) = 

= lini,,5,_o; «./e=C. (e7-<i(BCH{*,({e-,;C3});e}) „ (e,)) = 



Corollary 3 Notice that in the limit all terms arising due to rearrangement 
of the m,onomials in the PBW basis fade away. Only the zero power term of 
BCHjF {^g ({ej-; ^g}) ; e} will give the contribution to the limit value A^^^^^y (e^), 

A'^^^^^y (Ci) = lim^ (^e^^(^'^ *<'«^'~^'^=>') o (e; ® 1 + 1 ® e^)) .□ (15) 

Let the group &^ {{£.s}) be defined by the commutative Hopf algebra H 
with the costructure |a^|^ || . This is the second classical limit of Uj^{q), 



if(Ab,A^-^^^j)«Fun(e5«({a)) 



It is sufficient to check that the corresponding Lie algebras are equivalent. The 
Lie coalgebra of the group 0^ ({G}) is constructed in an ordinary way: we put 
all the parameters proportional to ^ 

and antisymmetrize the first power terms in the coproducts 

S (e.) = I {A'^i,^,y - r o A'^^^^^y) (e,) |,=o= 
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The functions ^(:F)g ({e}; ^sO) corresponding to the twisting factors Tq in 
obey the rule: 



Thus the Lie coalgebra of the group 

®^ ({Cs}) described by H (Ab, Alj? 
is fixed by the same relations as those that define ({Cs}) > 



The groups ({^s}) and 25* ({^s}) are simply connected and have the 
same Lie algebra g'^ 

Remark 4 It is essential to check the algebra {{is})- Varying the behaviour 
of the deformation parameters we can involve the additional limit procedures 
and obtain various contracted groups \im(&'^ {{^s}) corresponding to different 
boundaries of the initial parametrized set. This is the uniform character of 
the parameters with respect to ^ that guarantees the isomorphism ({$«}) ~ 



|£=o ^ (*(^), {{ej;isi}) - T o *(^), ({e5;e 




H^)= r^({6}),A(0)(e;) 



&*{{is}). 
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